PHY 711: ANALYTICAL DYNAMICS

Additional Practice Problems 11

Problem 1

A particle of mass m starts from the north pole and moves with constant speed v along a
longitude to reach the south pole of Earth. We can consider Earth to be a sphere of mass M
and radius R which rotates freely in space. Earth’s initial angular velocity when the particle
starts its trip is w. Show that when the particle reaches the south pole, the rotation of Earth

will have been retarded by an angle

_7rwR 1 2M 2
“= ) 2M + 5m

Solution
We use the usual spherical coordinates with ¢ as the latitude varying from zero to 7 and ¢
as the azimuthal angle varying from zero to 2. The motion along the #-direction is given to
be at a constant speed v, so
RO(t) =vt = 6(t) = %t
The Lagrangian for the motion along ¢ is
1.5, 1 2 . 2p 12
L=—-1¢p"+ -—mR"sin“0¢
2 2
This gives the equation of motion
0
5 (I +mR*sin®0)p] =0 = (I +mR*sin®0)p =1
Since [ is a constant of motion, we can evaluate itat¢ = 0, i.e., at # = 0, when ¢ = w. This
gives [ = [w. The angle tuned over by Earth as # changes from zero to 7 is thus
TR/v wR [T 1
= dto=— [ db
4 /0 T o 1+ (mR2/I)sin?0

/2 1
_ oWR [T _
v Jo 1+ (mR?/I)sin” 0

Letb = mR?/I = 5m/(2M), using I = (2/5)M R?. The integral can be evaluated as follows.

Since d(tan ) = df sec® ) = df/ cos® 0, we can write

w/2 1 w/2 1
/ do .9 = / do 2
0 1+ (mR2/I)sin” 0 0 cos? 6 [1 4+ (14 b) tan® 0]
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1
- /d<tan9) [1+ (14 b) tan® 6]
> 1 T 1

- /0 Mol 2Vith

This gives
TwR 2M
v 2M + 5m

SO:

In the absence of m, Earth would have turned by 7w R /v (obtained by setting m = 0 above).
The amount of retardation is thus
TwR  TwR 2M TwR 1 2M
o= — = N
v v 2M + bm v 2M + 5m

A small ball of radius R can roll on the inner surface of a bowl in the shape of a paraboloid

N

Problem 2

placed on the ground as shown. The paraboloid is described by z = %)\ r?, where r? =
2? + ¢% and ) is a positive constant. Write down the Lagrangian describing the motion of
the ball. (Hint: Use cylindrical coordinates for which ds? = dz? + dr? + r2dp?. Moment of
inertia for a sphere = (2/5) M R?)

Problem 2

Solution
The kinetic energy will have contributions from the motion of the center of mass and from
the rotational rolling motion. Let y denote the angle the ball rolls thoruhg in a certain

amount of time. Then, since there is no slipping, we have the relation

Ry = distance moved in the same amount of time = s



Thus x = $/R. The total kinetic energy is given by

2 7
T=1iMs+1i*=1 <M + gM) §% = 1—OM (7% + r*o® + %)

The potential energy is V' = M gz. We also have z = %)\rQ, so that 2 = Ar 7. Thus

7 1
L= 1—0M (1+ N2r2)i? T2gb2) — §Mg)\7“2

I asked for the Lagrangian, so this is the answer. But it is trivial to work out the equations of

motion as well. We find

oL 7 oL 7
— = —M(1+ N7 = LMY
g = 5MAHATIT, ap 5 7
oL 7 oL
— = — (Mr@* + MN*ri?) — Mg — =
o 5( ro® + r7?) gar, e 0
The equations of motion are then
g (L4 X+ Nri? —r@®] + gAr = 0
d [7
— [=Mr?p| =
dt [5 “0] 0

Problem 3

A disk of mass M and radius R can roll on a horizontal plane along the z-axis. (Ignore
motion along the other directions.) It is attracted to a fixed point P with a force F' = —ks
where s is the distance of the center of the disk from P (See figure). Obtain the Lagrangian
and the equations of motion. The disk can oscillate (in a rolling motion) as shown. Obtain
the frequency of this oscillation. (Moment of inertia of a disk for rotations around its axis is
%MR? (Hint: Obtain the potential energy corresponding to F' and then use the geometry to
relate s to x. To obtain the potential enerqgy, it is easier to consider the force split into its

components along the horizontal and vertical axes.)

Solution
The given force has magnitude —ks and the direction is towards the point P as in figure.

The components of F' may be written as
F1 = —k’lL'7 FQ = —k‘y

Using F = —VV, we see that the potential energyis V' = %k(mz + »?). The motion in the y-

direction is immaterial since the motion is restricted to the xz-direction. So we do not really
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Problem 3

need the term %k;yZ. The gravitational potential energy M gy is also irrelevant. The kinetic
energy has two contributions, from the translational motion of the center of mass and the
rotational motion. Further we have the relation Ry = x, connecting the distance moved

with the angle turned through, since there is no slipping. Thus
3 1
L= %Mﬁ + %I @* — %k‘xQ + irrelevant terms = ZMx'Q — Eka + -
The equation of motion is

3
§Mﬁé+k:x:0 — i4+wlr=0

where w = /2k/3M. This equation describes simple harmonic oscillation with frequency
w and the solution is

z(t) = A coswt + B sin wt

Problem 4

The motion of a class of asteroids shepherded by the planet Jupiter can be described by the

Lagrangian

_ . z a
L=m |(Qr = w@) + (@ +wQ)] + VOl @ @ T G

where ()1, (), are the position coordinates in the plane of the orbit and w is the orbital an-
gular velocity of Jupiter, taken as constant. uy, 2, a1, as, R are all constants. Obtain the
Hamiltonian and the canonical equations of motion. (There are two groups of asteroids,
called the Trojans and the Greeks, one of which is 60° ahead of Jupiter and the other is
60° behind Jupiter in its orbit which are kept in the same relative position by the combined
gravitational force of the Sun and Jupiter and the centrifugal effect of their revolution around
the Sun. This is a classic problem of celestial mechanics. The given Lagrangian describes

the dynamics of these asteroids.)



Solution

There are two generalized coordinates (); and (). We then find

oL . oL )
P1:—.:m Ql—u}Qg s PQZ—.:TTL Q2+WQ1
26— ) o )
Solving for the velocities in terms of the canonical momenta, we get
) P, ) P
le—l‘i‘sza Q2=—2—WQ1
m m

Thus the Hamiltonian is given by

H = PQi+ PQs— L

= Pl [%+WQQ:| ‘I"PQ [%—WQ1:| —%[(Pl/m)Z—k(Pz/m)Z}
_ H1 _ H2
V(Qi — R+ Q5 /(Q1+aiR)?+ Q3
P+ P _ B M1 B F2
= 5 + w(P1Q2 — P2Q1) O R T2 O TR T8

The canonical equations of motion are:

oH P

Q1 = o m + w2
. OH P
Q2 = 3—132 T w@1
P _ oH o #1(@1 - a2R) ,UQ(Ql + OélR)
1 = — = CUPQ — 3 3
o (@1 —aeR)* + Q3> [(Q1 +anR)?+ Q3>
P oH B 1 Q2 22
y = oo = —wh - E 3
0 (@1 =R+ Q32 [(Qi+aiR)? + Q3]

Problem 5

Consider a hoop of radius R placed vertically on a horizontal flat frictionless surface. It can
rotate around the vertical axis. A bead of mass m is free to slide on the hoop, see figure.

a) Obtain the Lagrangian of the system for the bead and the hoop.

b) Obtain the equations of motion.

¢) Identify the canonical momenta and work out the Hamiltonian.

d) Obtain the canonical equations of motion.

(The rotation of the hoop is not externally controlled, it is part of the dynamics. The moment

of inertia for a hoop of mass M for rotation around one of its diameters is I = %MRQ.)
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Problem 5

Solution

The coordinates of the bead in a general position will be given by
x = Rsinfcosy, y= Rsinfsiny, z= R — Rcosf
The kinetic energy of the bead is thus

Thong = %(;552 PPt = %32 [0’2 + sin? egﬂ

The kinetic energy for the hoop itself is

1 . 1 .
Thoop = 51902 = ZLMRQ()OQ

The total kinetic energy is thus

1 o 1
T = 5mR?e2 + 532 [(M/2) + msin® ]

The potential energy is

V =mgz =mgR(1 — cosf)

The Lagrangian is

1 : 1
L= §mR262 + §R2 [(M/2) + msin® 0] ¢* + mgR cos 6 + constant

We then get

oL .

— = - mRQG

a0 Po
L

g_¢ = pp= (M + msin® ) R*p
L

g_g = mR?sinfcosf p* — mgRsin

oL

= — 0

Iy



The Lagrangian equations of motion are:

mR20 = mR%sinf (cos@gb2 — %)

%[(%MqusinQG)gb] = 0

The canonical momenta are py and p,, as given above. The Hamiltonian is then obtained as
H = py +pyp— L
vy P
2mR? ~ 2(3M 4 msin® 0) R?

The canonical equations of motion are:

— mgR cos 0 + constant

o — OH _
 Opg  mR?
) OH Dy
Y = 9 =71 2 2
p, (M +msin”0)R

, OH P2 . :
po = ~ 55 = R2(%M +‘fmsin20>2msm€(:089—ngsm@
) 0OH
P, = —— =10

e B

Problem 6

Consider a uniform circular disc of small thickness, mass M and radius R. Calculate its
moment of inertia for rotations around one of the diameters; i.e., calculate Is3 = I, for
the disc shown in figure. (This is like a coin spinning on its edge.) (You may encounter
integrals like [ d sin*@ or [df cos*®. You can simplify them using trigonometric identities

expressing sin? 6 and cos? 6 in terms of cos 26.)

Problem 6

Solution
Consider a thin slice of the disk, as indicated in red. The thickness, taken along the x-

direction, is §. The value of y changes from —r to r, where r = /R? — 22, R being the
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radius of the disk. We then get
I3 = /de (2* +9*) = pé/dzdy y* + 0(5°)

R 2 R
= —,05/ dz(R* — 2?)

3 Jor

= pd dz
R
2 ™
= §p5R4/ dfsin @ sin® 0
0

e

v
3

r
-r

In the last line, we used the substitution z = R cos . We can now write

4 1—cos20\> 1 1
sin® 0 = — 21{1—200529+§(1+cos49)}

The integrals of cos 26 and cos 40 will vanish at the limits of integration, so we get
2 1 1 1 1
Jon = — o - — 2 2 _ M 2
Problem 7

Consider a rail bent into a semicircular shape, of radius R, and placed on the ground as
shown in figure. A disk of mass M and radius a can roll without slipping on the inside of this
rail. (The motion is effectively one dimensional.)

a) Obtain the Lagrangian for the motion of the disk. (Moment of inertia of disk is %M a’.)

b) Obtain the Hamiltonian and the canonical equations of motion.

(Caution: The distance traced out by the center of mass of the disk is different from the
distance it rolls because a is not negligible.)

c¢) Determine the frequency for small oscillations around the equilibrium pointifa = R/3.

Problem 7

Solution
a) Taking the line from the center of the circular rail to the center of the disk to be at an angle

¢ from the vertical line, we find the coordinates of the center of mass as
(X,Y)=(R—a)sing, —(R — a)cosy)
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Let the angle turned by the wheel as it rolls be designated as «. The distance covered in the
rolling motion, traced out on the inside of the rail, is s = aa. This should equal the distance
along the rail, i.e., Ry if there is no slipping. Thus we have aac = R¢. The kinetic energy is
thus given by

Ry

L _ L1 2 .
T = %M(X2+Y2)+%Ioz2:%M(R—a)ch—i—ZMaQ (7) = 1pg?

po= M((R—a)2+%2)

The potential energyis V' = MgY, so that the Lagrangian is
L=1pp”+ Mg(R—a)cose

b) The canonical momentum for ¢ is

0Ly
p= 0 = up p=Dp/u
Thus the Hamiltonian is

2
H:pgb—ng——Mg(R—a)cosgo
J

The canonical equations of motion are given by

OH OH
v= % p/, P e g(R—a)sinyp

These may be combined as

. Mg(R —a) .
p=———"—">58lny
¢) For small amplitudes oscillations, this reduces to

M _
G~ —w? o, W2 = g(R—a)

Fora = R/3,n = (17/18)MR?, R — a = (2/3)R, so that

12 ¢
w=1\/—==

17TR

Problem 8

A solid spherical ball of mass M and radius R floats at some height above the ground. It

is kept at a fixed height by some means not relevant to the problem. (You may think of it
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as a spherical approximation to a hot air balloon.) From the bottom of the ball is hung a
pendulum with a bob of mass m, using a thin rigid rod of negligible mass and fixed length
. The mass m can move in # and in the azimuthal angle. The ball itself can rotate around
a vertical axis. (We will ignore other types of motion for the ball.) Obtain the Lagrangian
and the equations of motion for the system. (Keep in mind that there can be independent

rotational motion for the ball and the bob of the pendulum.)

Problem 8

Solution
We take the center of the sphere as the origin of the coordinate system and let « denote the
angle for rotation of the sphere. The point of suspension has coordinates (0,0, —R). The
position of the bob is then given by (0,0, —R) + (I sin 6 cos(a + @), I sin @ sin(a + ¢), — cos 6),
where ¢ denotes the possible additional azimuthal angle for the pendulum. The corre-
sponding velocity is

iy = 16 cosfcos(a+ @) — I(&+ @) sinfsin(a + @)

iy = 160 cosOsin(a+ @) + (& + @) sinf cos(a + )

Ty = 10 sin 0
The kinetic energy is thus given by

T = 316%+ Im(i] + @3 + i3)
MR?

_ 2 M99 C V272 a2
= a+2[l9 +(oz+<p)lsm€]

where we use the fact, for just rotational motion, the kinetic energy of the ball %I &2, with

I = (2/5)M R?. The potential energy is V = mgz = —mg(R + [ cos §). Thus

MR? :
L= : &’ + % [l202 + (& + ¢)? I sin® 0} + mgl cos 6 4 constant
The required derivatives for the equations of motion are
oL oL
— = (I+mlsin® ) +ml*sin*0¢p, — =0
Odv O
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L L
g_gb = ml*sin® 0 (& + ), g—(p:()

L : L
% = ml®0, g_e = ml*(& + ¢)* sinf cos — mglsin

The equations of motion are thus
% [(I +ml*sin® @) +mi*sin®0¢] = 0
d
p [mi?sin®6 (& +¢)] = 0
mi?0 = mi*(&+ ¢)? sinfcos — mgl sin 0

Problem 9

A rigid body with principal moments of inertia /; and I, = I3 moves under the action of a
torque

71=0, T =Acoswt, 73=Asinwt

Find the angular velocities €24, €25, (23 as functions of time, for arbitrary initial conditions.

Solution

Euler’s equations for a rigid body, with /; = I5 and the given torque, become

IlQl - O

. A
Oy +afly = I—Coswt
3

Qg —afly = —sinwt
3

where « = (I} — I3)Q/I5. The first equation tells us that {2, is a constant of motion. Thus «
is a constant as well. We add i times the last equation to the second one to get
. A .
Q—ia@ = —e“t
I3
where Q = Q, + i3 and we used ¢! = cos wt + i sin wt. Writing Q) = e***F, we find

) 4 A .
Pl — po_ = i-aty o
I3 I3i(w — «)

Using Q = ¢ F and writing C' = |C|e’#°, we can separate the real and imaginary parts to

get

A
L = gy et |C cos(at + o)
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A
O3 = —mcoswt+|C]sin(ozt+900)

)y = constant

This gives the complete solution.

Problem 10

Show that the following change of variables is a canonical transformation.

1
Q =log (—sinp), P =gqgcotp
q

Solution
The easiest way to solve this is to demonstrate that the Poisson brackets are unchanged. In

terms of ¢, p, the PB is defined by

Now we take f, g to be given in terms of () and P, and write the above definition of the PB

in terms of derivatives with respect to ), P.

of _ 0f0Q  ofor _ of
dq 0Q d¢g 0P dq 0Q
dg dg 0Q ~ dg oP g
ap oQdp 9P Ip  0Q

(1/a) + o5 cotp

dg 2
t - (—
cot p + P( qcsc”p)

Thus
afdg  9fd ) B B B
T T Sy pheo) (G ctp+ h—aestn)) - (f g
= g—gg—;(cs&p)Jrg—;g—gcotQp—(ng)
= (ﬁ@—ﬁ@> ((2502 —Cot2)
~ \ogapP  9PaQ p b

_ (90f 09 Of 0g\ _
= (@a—p—ﬁ—]g%> ={f,9}qr

The PB calculated in terms of ¢, p, agrees with the PB defined in terms of (), P. Hence the

given change of variables is canonical.
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